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MOLECULAR BEAM TUBE FREQUENCY BIASES DUE TO DISTRIBUTED CAVITY PHASE VARIATIONS
For atomic beam frequency standards, an analysis is described for estimating the frequency bias due to distributed cavity phase difference over finite beam widths, and for estimating the resulting inaccuracy in power shift and beam reversal experiments. Calculated atomic trajectories and simplified rf-field distributions are used, as well as certain assumptions about beam tube alignment.. The results are applied to one of the present NBS primary time & frequency standards and a shorter tube geometry.
One conclusion is that beam reversal experiments are not necessarily much more accurate than power shift experiments and that the use of both methods (plus the use of pulse techniques) is desirable.
I. INTRODUCTION
The p r i m a r y sources of e r r o r in state-of-the-art Ramsey-type c e s i u m b e a m frequency standards, which a r e approaching a p a r t in 1013 accuracy, a r e the second-order Doppler shift (DS2) and the effect ( P D ) of a phase lead 6 of the rf-field in the second cavity over the first.
An experimental method, based on the pulse technique [ 1 , 2 , 3 ] a n d theoretical methods u s i n g m e a s u r e d Ramsey r e s o n a n c e c u r v e s a t d i fferent power levels [4,5 1, have been reported which predict the relevant velocity distribution P(V) of detected atoms. m a t t e r to compute pseudo-velocities V (b, v coefficients depending on the power p a r a m e t e r b and the modulation width for line-center servoing f r o m which the biases due to DR2 and P D a r e : F r o m p(V), i t is a n easy MOD MOD ) and Vp(b, v D w h e r e Vces i s t h e c e s i u m t r a n s i t i o n f r e q u e n c y , c t h e s p e e d o f l i q h t , L is the cavity separation and 4, the width of each cavity. Since V / 2 n L i s typically about 1 0 Hz/radian, a milliradian phase difference Even with careful cavity adjust-6 generates a bias V of 10-12vces. PD ment before assembly, control of 6 to levels significantly lower than a milliradian i s not a t p r e s e n t practical, s o that the value of 6 obtained in the b e a m machine a t any particular time must be inferred by other means. Two techniques a r e currently employed. In the f i r s t , the b e a m tube i s designed to p e r m i t both forward and r e v e r s e d b e a m operation. F o r forward operation, the bias i s P where&= i s other s o u r c e s of bias. F o r r e v e r s e d operation, the bias is (We must anticipate that (V butions in the two operating modes).
V ) r e s u l t f r o m different velocity d i s t r i -D' P
The difference F R r v -3 a,, R N is found by comparison with a very stable source (its a c c u r a c y i s i r r e l e v a n t ) , and thus f r o m which V is easily computed f o r each mode. F o r example, P D This b i a s e s t i m a t e i s limited in a c c u r a c y by the m e a s u r e m e n t the a v e r a g e DS2 bias, and the (yet) unknown bias:
In the second technique, two power levels a r e used, (b , b ).
(The velocity distributions m a y be slightly different for.these c a s e s ; this m u s t be considered in the calculation of the (V V '), o r the twovelocity distribution approach used) [ 21. Again, measuring: P P 2 we find:
where With c a r e in the choice of power levels and sufficiently wide velocity distributions bI m a y be a s small a s about 3 , but in any c a s e , it will V and h i , by this factor. This method amplify the e r r o r s in h a s the advantage of being applicable to any b e a m machine and of generating redundancy (for three o r m o r e power levels), but suffers f r o m the amplification factor&. A combination of both methods (plus use of the pulse techniques) will be the best approach towards a comprehensive a c c u r a c y evaluation.
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D S 2 ' Our purpose in this paper i s to estimate the amplification f a c t o r * % and the (W) biasA (b, vp.pD ) , due to non-uniformity (phase variations)
of the rf-field in the portions of the cavities t r a v e r s e d by the atomic beam. a c c u r a c y evaluations the s h o r t e r the b e a m tube.
These effects m u s t be expected to be the m o r e important i n
The estimate involves three components. In Section 11, a r a y -t r a c e technique i s described which i s intended to model the b e a m tube under consideration and generates velocity distribution moments over the cavity windows. In Section 111, a calculation is described which provides a n e s t i m a t e of the relevant rf-magnetic field in the microwave cavity with finitely conducting walls; only a simple rectangular guide is considered. In Section IV, the atomic transition probability is derived, and the total bias computed for sinusoidal o r squarewave modulation by averaging over the atomic beam.
In Section V, the application of these methods to specific s y s t e m s i s discussed. 4 11. RAY TRACING Z ) be the Referring to figure 1, let JP = ( Y l , Z1, Y 2 , 2 p a r a m e t e r vector of a t o m s whose t r a j e c t o r i e s have coordinates ( Y l , Z ) a t the center of the f i r s t cavity, (Y 2' Z 2 ) a t the second, where p = 0 is a s s u m e d to be on the line of c e n t e r s of the cavity a p e r t u r e s . We consider those a t o m s with velocity V, and a s s u m e all t r a j e c t o r i e s make s m a l l angles with the line of c e n t e r s . Let cg be the rf-fi2ld angular frequency, and l e t P probability for one of these a t o m s over i@passage through the two cavities and the uniform C-field region between the cavities. Integrating over the cavity openings zhpj and the velocity, the total flux a t the detector is: neglecting a t e r m independent of u), and writing (The Jacobian of the t r a n s -
E of rP
With the intention of expanding P 
THE C A V I T Y FIELD
The microwave s t r u c t u r e i s a s s u m e d to be a very s y m m e t r i c U-shaped rectangular wave guide shorted a t the ends and driven a t the center. It propagates only the TE -mode, each a r m having the ideal 0 , 1 complex harmonic field s t r u c t u r e where /K is a unit vector in the z-direction, number and y 0' s h o r t y = -y Vc is the cavity wave a n a r b i t r a r y phase chosen to make /E vanish a t the
0
In b e a m machines, the a p e r t u r e s in the cavity a r m s which p e r m i t the a t o m s to p a s s through a r e usually elaborated with f e a t u r e s which include t r a n s v e r s e "approach sections" and horizontal (y-direction) fins to reduce field leakage in the x-direction. complications make calculation of the exact rf field nearly impossible even in the c a s e of perfectly conducting walls.
These
We have examined only the relatively simple case in which the cavity a p e r t u r e s a r e absent, and the wall conductivities a r e v e r y high, dependant only on the p e r i m e t e r position (independent of y ) . magnetic field-independent transition in c e s i u m defining the atomic second, only the rf magnetic field p a r a l l e l to the C-field, which we shall take in the z-direction, is important in causing transitions.
F o r the
We shall solve the harmonic field equations: subject to the wall skin depth conditions where 15 (independent of y ) , and
The wall condition can be written i s the outward normal, $ f i P i ) the skin depth a t the wall point the tangential magnetic field on the wall.
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where:
where the r e a l skin depth i s 2, 7 c; 6 ( / c ) -. ?
5 -1 -1 F o r 0 ~5 . 9 2 x 1 0 ohm m f o r copper, the f r e e space c e s i u m transition wave length X = 3.264 cm, we obtain:
W a v e guide dimensions a r e a s s u m e d to be a = 2.286 c m (0.9") and b = 1. 016 c m (0.4").
(X-band).
where the q j f ? ) a r e a s s u m e d to have s e r i e s expansions in a m e a n skin depth 6 , while c and o r d e r 6.
R a r e to be determined and a r e constants of The important magnetic field component H (t) is found to within 3 a proportionality constant frm:
The complex propagation constant y = y -i CI i s determined by the analysis.
0
The calculation i s extremely lengthy, and r e q u i r e s a n analysis to second o r d e r in 6 to determine a l l the first o r d e r quantities. not be reproduced h e r e .
It will
An end-short condition for terminal skin depth 6 is easily applied to the r e s u l t by replacing sin 6 y by s i n 6 ( y t y ) and applying one of the wall conditions at y = -y , which determines y (6 ) . A second wall condition is ignored; in fact, the skin depth distribution m u s t be of the c o r r e c t f o r m on the end wall to be consistent with this single mode analysis.
O e
The r e a l and imaginary p a r t s of H ke) a r e determined f r o m a ) for the skin depths on the four walls and shorting n a c t , the parametric variation of skin depth by cosine s e r i e s coefficients is included, but such effects m u s t be expected to be small; i n any case, such coefficients a r e unknown).
6
Finally, coefficients of the r e a l and imaginary p a r t s of H ( I C ) 3 a r e generated for l e a s t s q u a r e s best f i t to the f o r m :
about each cavity center /P' = 0 point on the line of c e n t e r s of the cavity a p e r t u r e s . remaining field components a s well.
The p r o g r a m a l s o gives the expansion coefficients for the It must be emphasized that this relatively simple calculation m a y not r e p r e s e n t adequately the true field in the complicated cavity s t r u c t u r e n e a r the cavity a p e r t u r e s , but we shall be able to determine which a r e the c r i t i c a l coefficients in the field expansion. 1 0
IV. THE T R A N S I T I O N P R O B A B I L I T Y
The quantum mechanical probability amplitudes C (t), C ( t ) f o r 1 2 a two-state s y s t e m p e r t u r b e d by a uniform magnetic field in the z-direction and a p a r a l l e l oscillating field may be written:
where E E a r e the unperturbed frequencies associated with the energy states, H a frequency associated with the uniform field, and b a constant proportional to the. oscillating field amplitude (the "power p a r a m e t e r " ) . i n which C, = <,. A similar expansion holds for ,/L,' , but i s not required.
M,d(,F
We a s s u m e that the a t o m h a s a trajectory through each cavity:
where, assuming the atom enters the f i r s t cavity a t time t = 0, 6 = fi n the f i r s t cavity, J-;t-(7;$z)in the second, with ,z'= g< T G L/v F r o m the r e p r e s e n t a t i o n of the field components i n t e r m s of the c we
where the coefficients (?:! a r e small, associated with the cavity r e s i s t i v i t y and field amplitude gradients in each cavity.
The uniform field causes the e n e r g i e s of the s t a t e s to be modified. The unitary diagonalizing m a t r i x where: g e n e r a t e s the following s y s t e m for the eigenstates: is composed of t e r m s with okcillating frequency 2 w .
lead to the Bloch-Siegert Shift [ These 6 1, which we shall not consider h e r e .
We introduce the r e a l variables:
and derive the r e a l equations 6. # 0 i s m e r e l y a rotation in the (R, S ) subspace. a t t = 0 : c i -< c , CCI., E L1 cc?,*7 f +/yo**; 42 = E 2 -€ , .
The effect of With the initial data J 1 3 s o that W = 1, we can write a f t e r passage throught the f i r s t cavity:
where H' s a t i s f i e s : c
T-t 2f
Over the second cavity, we have (6, = 0):
We need finally the transition probability a t t = T t 2 7 :
The cavity equations may be written:
If this s y t e m is i t e r a t e d once, treating the right-hand-side a s a s m a l l perturbation, we can write f o r cavity j :
where the m a t r i x 9 i s the same for each cavity, and I j i s a small where (0, E ) r e f e r to a n t i s y m m e t r i c and s y m m e t r i c p a r t s in X r e spe ctively . The p r o c e d u r e s described h e r e have been applied to two systems, NBS-5 and a s h o r t e r off-line beam tube (Tube B). However, i t must be born i n mind that the NBS-5 r e s u l t s a r e relevant to the true s y s t e m only if two assumptions hold. F i r s t , the r a y t r a c e must adequately match the system. This may be checked reasonably well for P ( V ) which is j u s t 1 the detected velocity distribution, but not a t all for the other distributions (p2, . . . , p cavity alignment. Second, the simple wave guide model must be adequate to r e p r e s e n t the complicated s t r u c t u r e of the cavity a p e r t u r e s . F o r a given s t r u c t u r e , however, if a l l skin depths a r e i n c r e a s e d by a f a c t o r x, then a l l G$ , and hence the P V bias -R , a r e increased by the f a c t o r x . dependent change of) only a few percent.
) which a r e much m o r e critically dependent on s y s t e m and .1 5
Skin depths a r e expected to be known to (and have a time -
We have considered only three rf-field types. In the f i r s t , the skin depth i s uniform?.y 6. 82x cm, corresponding to copper. In the second, skin depths a r e uniformly lOyo higher, while i n the third, only two adjacent walls a r e 10% higher, which should r e p r e s e n t a w o r s t c a s e for non-uniformity in this simple model.
F i g u r e 2 shows the c o r r e c t velocity distribution for NBS-5, a s determined by m e a s u r e m e n t and confirmed by Ramsey curve inversion.
A l s o shown a r e ray t r a c e r e s u l t s for a detector (>f height 0.2 cm, centered 0. 3 c m below the line of c e n t e r s for M= 2, line of c e n t e r s f o r M = 4. height. the M r= 2 curve h a s a better center of gravity, while the M = 4 curv" lia3 tii.3 p r a p e r location f o r the maximum.
These r a y t r a c e s were done directly f r o m the b e a m tuba design value, and no effort was made to adjust them to improve the match. 0. 3 c m above the A l l these curves a r e normalized to unit Neither r a y t r a c e curve matches the experimental curve well; Figure 3 shows r e s u l t s for a n off-line geometry with a n i n t e rBoth detectors, M = 1 and M = 3 , a r e action region length L = 0. 5m. located on the opposite side of the line of c e n t e r s f r o m the e m i t t e r , with the M = 1 detector further away. a t the M = 3 location, while the M = 1 is very weak, and exhibits "shot noise" of the limited number of r a y s examined.
The strongest signal i s detected
In t a b l e 1 we list the most important rf-field expansion coefficients c0 and field derivative a t IF = 0 which they r e p r e s e n t for the three rf-field types we have examined. corresponding multipliers ( ' % + 2 ,~; + 2 0 ) for the two cavity fields a t nominal modulation amplitude (equal to resonance half -width) for three values of b bracketing the optimum value. assigned to each cavity (j = 1, Z ) , * each product is a component of the P Referring to cli (i;,J), even though ccf and L ;~ may be quite large, a s long a s the cavity a p e r t u r e i s centered (in z ) i n the wave guide face and the z-dimension of the cavity opening (here 0. 95 for K = 1, 0.508 for K = 2 ) is not too large, this t e r m is not important.
Referring to C ( 2, ) y we s e e that the unavoidable rf-field 3 phase gradient in the propagating direction can be a major source of P V bias for relatively s m a l l b e a m a s y m m e t r i e s in y, whether due to physical misalignment of components or non-uniform b e a m intensity. The values ( to the slope >'x of the misalignment a s s u m e d . This e r r o r can be reduced by narrowing the cavity a p e r t u r e widths (here 1.27 c m ) a t a proportionate l o s s i n detected signal.
~' 2~
) for K = (1, 2 ) appear to be roughly proportional
The field curvature t e r m s (c c ) a r e in the 1 x 10 range for 4' 6 K = 1, but a s high a s 2 x drop quadratically with decreasing a p e r t u r e dimensions.
for the s h o r t e r tube. These t e r m s should
The t e r m s due to C and C which modify the transition p r obability by introducing a n apparent ?requency variation i n the cavity have v e r y substantial coefficients, ( ~7~ , ) and ( uJ7, c;,. ), for the two cavities, but a r e fortunately of such amplitudes and signs a s to cancel identically when the cavities and their fields a r e identical. F o r the variations i n cavity fields considered h e r e , these t e r m s a r e l e s s than 1 x 1 0 -4y but x -a s y m m e t r i e s in cavity construction could p e r h a p s produce large biases because of these t e r m s .
1
It i s worth noting, however, that the ( 0 9 , o16, 0 3 3 ) depend only on pl(V) the directly determinable velocity distribution; in a cavity design in which these biases were dominant, power shift measurements could be used to estimate (C4, C6), and some correction applied.
Tables 3 through 10 are final results for these cases.
Over a set of relevant power parameter values { b } , VD and ) are shown: these numbers are independent of which Vp(bt 'MOD rf-field types are used. For the cavity l/cavity 2 rf-field type designations shown, the PV biasAis given, and for power parameter pairs, ( b ' , b-), the resulting PV power-shift bias due only to distribution of phase over cavity-apertures, is given in Hertz. (For cesium, a 1.0 x 10 Hz bias is approximately 1 part in These numbers can be considered to represent the uncertainty values which are encountered under the conditions stated. 
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We should remember that these biases do not include the DS2 bias (which can be very accurately calculated), and must be considered to be uncorrectable uncertainties at this time.
Consider now the shorter Tube B (K = 2) operated between The corresponding PV beam reversal-biases at b-are
For the asymmetric case ( S = 2; tables 9 and lo), the PV power shift biases are 17 x Hz for M = 1 and 3.0 x Hz for M = 3 . The corresponding PV beam reversal biases are 5.8 x H z for M =1 and 2.8 x 10 Hz for M = 3 .
-3
It is interesting to note that the power shift results are not always as bad relative to the beam reversal results as might have been expected from the values of the amplification factors& which are easily computed from the V (b) values in the respective cases: for NBS-5 ( K = l ) , A. = 5 for M = 2, and A = 9 for M = 4, while for Tube B ( K = 2),& = 13 for M = 1 and M = 3. This is due to the high degree of correlation of PV biases at various power levels for a fixed configuration. P
VI. CONCLUSIONS
Under rather severe assumptions on cavity symmetry and ray-tracing validity, estimates of the PV bias uncertainty (due to distributed field phase and amplitude in the cavities) have been obtained for power shift measurements on NBS-5 and a shorter beam tube, and tabulated in tables 3 through 10. With proper care in alignment and emitter fabrication, and optimum choice of power levels, the PV bias uncertainty in power shift experiments with NBS-5 should be less than 1 x 10 -13 vces,
It is important to note from these tables that the apparent advantage of beam reversal techniques may be substantially negated because of the fact that, in beam reversal, we must average two uncorrelated PV biases power shift measurements, even though the amplification factor & may exceed 3 , the biases .hl and A 2 are correlated, and the resulting bias uncertainty may even be less than the average (A1 + h 2 ) / 2 . of both methods (plus the use of pulse techniques) is the best approach toward a comprehensive accuracy evaluation. Mathematical Sciences (Section R) Studies a n d compilations designed mainly for the mathematician and theni.etic;il physicist. Topics in mathein a tical statistics , the or y of ex p er i ni en t de sign, numerical analysis, theoretical physics and chemistry, logical design and prograniniing of computws antl computer systems. S hurt n uiii ei,ical tables. I ssurd q u arterl y . A nn u a l suhsci,iption : Domestic, $!1.00; Foreign, $11.25.
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